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Abstract

We study the behavior of the funding ratio of a defined benefit pension plan by considering
the development of both the asset portfolio and the liabilities. We also consider the real
funding ratio by fully indexing the liabilities to inflation. The components that make
up the assets and the liabilities are modelled by (1) a vector autoregression, (2) separate
univariate regressions and (3) AR(1) models, respectively. AR(1) model predicts the
lowest nominal and real funding probability due to its high prediction on the mean and
variance of funding ratio. The vector autoregression, capturing mean reversion in stock
returns, provides the lower long-term nominal underfunding probability among the three
models. Parameter robustness checks in the VAR model shows both the nominal and the
real underfunding probability are sensitive to parameter uncertainty.

1 Introduction

In the beginning of this century, the pension fund industry has gone through a double whammy

of decreasing asset returns and increasing liabilities. This caused substantial underfunding

and as a consequence regulatory measures were sharpened. As a pension fund’s objective

is to meet (future) pension obligations, the funding ratio has become a crucial criterion to

assess the financial health of a pension fund by regulators. The funding ratio is defined as the

market value of the assets divided by the market value of the liabilities. To meet a certain

target of the funding ratio, partial focus on asset returns or liabilities alone will only result in

vain, while emphasis on the interaction between assets and liabilities is the proper approach

to gain insight on the development of funding ratio.

∗Huang and Mahieu are at RSM Erasmus University. Mahieu is also affiliated with Netspar. Corre-
sponding author is Huang. Email addresses are xhuang@rsm.nl and rmahieu@rsm.nl. The usual disclaimer
applies.
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Asset returns are influenced by macroeconomic factors such as interest rate and inflation,

while we also know that the liabilities are sensitive to the similar factors. We suspect that

the volatility caused by the same or related factors to both assets and liabilities may cancel

out, and thus make the funding ratio predictable or drive it in a certain pattern. To the best

of our knowledge, there have been no paper exclusively and explicitly studying the funding

ratio. Therefore this paper comes to fill this gap by exclusively focusing on the funding ratio

and using the probability of underfunding to explain its behavior. We choose this focus be-

cause it is practically desirable as pension fund regulators impose rules (such as nFTK in the

Netherlands) on both the funding ratio and the probability of underfunding. In addition, the

contribution and indexation policy which are more concerned by pension plan sponsors and

participants are very much dependent and contingent on the funding ratio.

Considering both assets and liabilities in studying the pension funds is not novel. In

Leibowitz (1994), ”funding ratio return” is coined to analyze the asset allocation of a pen-

sion fund. Instead of assets-only return in traditional sense, liabilities are also included as a

negative return to the asset portfolio choice. Hoevenaars, Molenaar, Schotman & Steenkamp

(2005) extend this approach by adding more alternative assets and assume a constant matu-

rity bond as a proxy for pension fund liability. But they model the liabilities separately from

the modeling of the assets, this will result in the ignorance of potential interaction between

the return dynamics of the liabilities and the assets. Binsbergen & Brandt (2005) do consider

such interaction when modeling the funding ratio. But since their research interest is not

per se on the funding ratio, they use a very reduced form of VAR, namely only long term

interest rate and short term interest rate to account for the change of value in liabilities.

Such simplification may not fully capture the interaction between the assets and liabilities.

Our paper will follow the assumption of previous studies to use a constant maturity bond as

a proxy for pension liability, but we will model its return in the same system as the asset

returns so to capture the potential dynamics between the market value of assets and liabilities.

In addition, in the empirical finance literature a large amount of papers report that asset
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returns are to some extent predictable1. This predictability changes the long term risk-return

profiles of important asset classes like stocks. Stock returns show mean reversion over long

time horizon. In light of such predictability studies, we would like to explore their impact on

the funding ratio and in particular, the underfunding probability. Our results show that mean

reversion induce faster declining probability of underfunding than the model which does not

capture mean reversion.

We also test the impact of model uncertainty and parameter uncertainty of return dynam-

ics on the underfunding probabilities. Asset returns can be modeled by Vector AutoRegression

(VAR) models as in Campbell & Viceira (2005), and can also be described by univariate mod-

els like AR(1). Our results shows that the AR(1) model provides the lowest underfunding

probabilities than other models we used. We also examine the impact of small changes in the

parameters in the VAR model on underfunding probabilities. We find that this simple way

of dealing with the consequences of parameter uncertainty has considerate influence on the

nominal underfunding probabilities, but less influence on the real underfunding probability.

The rest of the paper is structured as follows. In Section 2 we model pension funds’

funding ratios as a function of a relevant group of variables. In Section 3 we describe three

different models for asset returns. After introducing data, estimation and simulation methods

for asset returns in Section 4, we analyze the results in Section 5. Section 6 concludes.

2 Model pension funds

This section describes our modeling of pension funds’ funding ratio determined by assets

and liabilities. Besides asset returns, contribution and indexation policies also play a role in

determining the value of the funding ratio. However, we want to focus on the impact from

investment policy, so we make the following assumptions as in Binsbergen & Brandt (2005)

and Hoevenaars et al. (2005):
1For example Keim & Stambaugh (1986), Campbell (1987), Campbell & Shiller (1988a), Fama & French

(1988), and Campbell (1991).
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a. The fund is in a stationary state, i.e. the distribution of the age cohorts and their respective

nominal pension rights are constant over time. So the market value of the liabilities of a fund

only vary with the interest rate and inflation rate.

b. Each year inflows from contributions equal outflows for benefit payment. So we can model

that the asset value is only determined by the investment results.

2.1 Nominal funding ratio

This part is to discuss the funding ratio when a fund promises only nominal pension benefit

at its maturity. Suppose at time t, this fund’s assets is At and invested in stocks and bonds

with a weight vector λ, which is fixed for all times. After one period, the value of assets has

increased to At+1 = At(1 + xT
t+1λ), where xt+1 = (xs,t+1xb,t+1)′, andxs,t+1 and xb,t+1 are the

respective stock and bond return during period t and t + 1.

Based on the assumptions, the pension fund liability can be represented by an m-year

constant maturity bond. m can be the average duration of a pension fund liability. Assuming

discounted liability at time t is predetermined at Lt. So at time t+1, the market value of the

fund liability is Lt+1 = Lt(1 + rt+1)2, where rt+1 is the holding period return (bond return

in the later text) of the m-year constant maturity bond during period t and t + 1. Based on

such definition we can derive the relationship between two consecutive funding ratios as

Ft+k = Ft+k−1

1 + xT
t+kλ

1 + rt+k
(1)

where Ft+k is the nominal funding ratio at time t + k, xt+k and rt+k are the gross return

of the asset portfolio and the bond respectively. The formula shows that the change of the

funding ratio in the next period is determined by the gross portfolio return relative to the

gross return of the constant maturity bond within that period.
2We assume a constant liability at maturity is L, just like the face value of the bond. Then its present

value at time t is Lt = L ∗ (1 + yt,m)−m, where yt,m is the yield to maturity of a m-year constant maturity
bond at time t. Accordingly at time t + 1, Lt+1 = L ∗ (1 + yt+1,m)−m = Lt(

1+yt,m

1+yt+1,m
)m. While the holding

period return according to Campbell & MacKinlay (1997) is defined as (
1+yt,m

1+yt+1,m
)m− 1, so we can write down

Lt+1 = Lt(1 + rt+1).
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The funding ratio in multiple periods as a function of the initial funding ratio can be derived

as

Ft+k = Ft

k∏

i=1

(
1 + xT

t+iλ

1 + rt+i
) (2)

This formula shows that long-term funding ratio is dependent on the initial funding ratio

and the ratio of accumulative asset return to accumulative bond return. This already has

some implication for the funding ratio development as to be explained later.

2.2 Real funding ratio

The ambition of a pension fund is to provide inflation indexed or even wage-indexed pension

benefit. This section considers a pension fund that targets the full inflation-indexed pension

benefit and we model the so-called real funding ratio in the following.

The asset value is the same as in the nominal case that they are At and At+1(= At(1 +

xT
t+1λ)) at time t and t + 1 respectively.

As for the real liability, its present value should be adjusted for the inflation rate. For a

pre-determined value of real liability Lreal
t at time t, the value of real liability at t+1 increases

by the bond return and the inflation, so Lreal
t+1 = Lreal

t (1 + πt+1)(1 + rt+1), where rt+1 is the

nominal bond return of the m-year constant maturity bond and πt+1 is the inflation rate

during the period t and t + 1.

Based on such definition, then the relationship between two consecutive real funding ratios

is

RFt+k = RFt+k−1

(1 + xT
t+kλ)

(1 + rt+k)(1 + πt+k)
(3)

The above shows that relative to the current real funding ratio, the real funding ratio in the

next period is determined by the gross portfolio return in the next period relative to the

inflation-added bond return.
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The real funding ratio in multiple periods as a function of the initial funding ratio is

RFt+k = RFt

k∏

i=1

1 + xT
t+iλ

(1 + rt+i)(1 + πt+i)
(4)

3 Modeling returns

The previous section shows that the development of the funding ratio is dependent on the

asset portfolio return and the liability portfolio return, so this section will be describing

three models that we employ for the return dynamics to forecast returns. The asset portfolio

consists of stocks and bonds, and the liability portfolio consists of only bonds. Our choices of

models will try to make the distinction among models capturing predictability, or interrelation

or none of them so to show the difference from their respective impact.

3.1 Multivariate model – VAR

Vector Auto Regression has been used extensively to describe asset returns as recently as in

Campbell & Viceira (2002), Campbell & Viceira (2005) and Hoevenaars et al. (2005).

As in Campbell & Viceira (2005), we describe the stock and bond returns by using their

lagged values and the lagged values of other state variables such as real interest rate, nominal

interest rate, dividend yield and yield spread3, which has been acknowledged as predicting

variables. We choose these variables also because they capture the common factors such as

interest rate and inflation rate that influence both the asset and the liability side of a pension

fund. Specifically, let zt = (xt, st)′ where xt is a vector of the asset returns we want to

describe, i.e. stock return xs,t and bond return xb,t. st is a vector of the state variables which

are reported to have prediction power and include real interest rate, nominal interest rate,

dividend yield and yield spread. The VAR model is defined as

zt+1 = A + Bzt + εt+1

3To mention a few, Campbell (1987) pointed out term structure of short-term interest rate can predict
stock and bond return; Fama & French (1988) studied the dividend yield for stock return; Campbell & Shiller
(1991) pointed out yield spread can forecast interest rate.
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where A is a 6× 1 constant vector, B is a 6× 6 coefficient matrix for zt, and εt+1 ∼ N(0, Ω).

3.2 Alternative models

There are other models that pension fund managers might consider to describe asset returns.

Here we also adopt them to see what implications they have on the funding ratio and the

underfunding probability.

First to consider is a series of unrelated univariate regressions similar to VAR, and we

call them separate regressions (Sep), because they do not account for the covariance among

the errors of each regression. This model does not capture the mean reversion of the long

term stock return, but they do consider the interrelation between stocks and bonds. They

are estimated as follows:

zd
t+1 = Ad + Bdzd

t + εd
t+1

where Ad is a 6×1 constant vector, Bd is a 6×6 coefficient matrix for zd
t , and εd

t+1 ∼ N(0,D).

D is a diagonal matrix.

Second to consider is the simple AR(1) model,where each variable is only explained by its

own lagged value. This means no interrelation between stocks and bonds return is considered.

They are estimated as follows:

zj,t+1 = aj + bjzj,t + εj,t+1

where aj is the constant and bj is the coefficient for the variable j equation, j = {stock, bond,

real rate, nominal rate, dividend yield, yield spread}, and εj,t+1 ∼ N(0, σj).
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4 Data, estimation and simulation methods

4.1 Data description

We use quarterly data from the Center for Research and Security Prices (CRSP) of the Uni-

versity of Chicago for the period 1952Q2 to 2004Q4.4

Our modeling of the funding ratio requires the input of simple net return of assets, so we

use the data of simple net returns rather than log and excess returns.5

To study the impact of the return models on the funding ratio, we adopt a stylized strate-

gic asset mix of 60% stocks and 40% bonds as our pension fund portfolio.The return on stocks

(including dividends) and the dividend yield are for a portfolio that includes all stocks traded

on the NYSE, NASDAQ, and AMEX. Dividends are twelve-month moving sums of dividends

paid on the just mentioned portfolio that includes all stocks traded on the NYSE, NASDAQ,

and AMEX. The dividend yield is the ratio between the dividends and the prices. The return

on bonds is represented by the return to a 10-year constant maturity T-bond.6

The pension fund liability is represented by 10-year constant maturity T-bond7. Its

quarterly return can be obtained according to the loglinear relationship between log re-

turn and log yield as described by Campbell & MacKinlay (1997) that ln(1 + rn,t+1) ≈
4The starting date 1952Q2 comes after the Fed-Treasury Accord that allowed short-term nominal interest

rates to freely fluctuate and constant bond yield is available from Feds website.
5Simple net return is defined as (Pt+1 − Pt)/Pt. We do not use log return because we do not need the

convenience of calculating multiple period return and it also avoid the problem experienced by log return when
calculating portfolio return from individual asset returns. We do not use excess return because in this way we
do not have to add in the risk free rate separately in calculating the portfolio return. A similar example of
using gross return can be found in Binsbergen & Brandt (2005) who use log of annual gross return to model
stock return in their study of asset liability management.

6In studying the long-term portfolio choice, Campbell & Viceira (2005) use 5-year constant maturity T
bond, while Budek, Schotman & Rolf (2006) use 10-year constant maturity T bond to represent long-horizon
investment. In studying the pension fund portfolio choice, Hoevenaars et al. (2005) use a 10-year constant
maturity T bonds to represent bond in pension fund portfolio. Nijman & Swinkels (2003) use Ibbotson long-
term government bond index for bond investment when studying the commodity in pension funds.

7Binsbergen & Brandt (2005) proxy liability with a 15-year constant maturity bond. Hoevenaars et al.
(2005) proxy liability with a 17-year constant maturity index-linked bond. Nijman & Swinkels (2003) use a 10
year T bond yield for liability return. Here we use 10-year bond instead of 15- or 17-year bond, as we believe
the dynamics of both yields are similar which has no material influence on our results.
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Dnln(1 + Yn,t) − (Dn − 1
4)ln(1 + Yn−1,t+1) where Dn is Macaulay’s duration, calculated as

(1− (1+Yn,t)−n)/(1− (1+Yn,t)−1). Yn,t is the annualized yield of a n-year constant maturity

bond at time t and n is 10 here. Such yield data is directly obtainable from US Federal Re-

serve Bank. The derived rn,t+1 is the simple quarterly return of a n-year constant maturity

bond at time t and as input for the bond return and the growth rate of liability.

The real interest rate is the ex-post real return on 90-day T-bills (i.e. the difference be-

tween the yield on T-bills and the inflation rate). We use return on the 90-day T-bill as our

measure of the short term nominal interest rates. Yield spread is the difference between the

yield on a zero coupon 10-year T-bond and the return on a 90-day T-bill.

4.2 Estimation results

We firstly give a statistical description of all six variables in our sample as shown in Table 1.

The estimates for VAR model using quarterly data 1952Q2:2004Q4 are reported in Table

2 and 3. The maximum eigenvalue of the coefficient matrix is 0.958 which indicates that the

estimated VAR model is stationary. The second row in Table 2 corresponds to the equation

for stock return. Dividend yield can predict stock return, and together with the other vari-

ables they can only explain 6.5% of the variation in stock return. The third row corresponds

to the equation for bond return, which shows that the lagged stock return, nominal interest

rate and yield spread can predict bond return.

Table 3 reports the covariance among shocks to each variable. Specifically, together with

Table 2 it indicates the mean reversion of stock return. This behavior is induced by its

predictability from dividend yield. Negative covariance (-0.000198) between the shocks to

stock return and dividend yield means that a negative shock to dividend yield is accompanied

by a positive contemporaneous shock to stock. But a low dividend also predicts a lower

expected stock return due to positive coefficient (1.628). Figure 1 shows that the annualized
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standard deviation of stock return declined from 16% of one quarter horizon to about 8% in

50 year horizon.

As bond return is regarded, stock return induces mean reversion due to significant neg-

ative coefficient (-0.072) and positive shock correlation(0.00141). But the nominal interest

rate and yield spread pull bond return in another direction. The total effect is a slight mean

reversion displayed by the 10-year constant maturity bond return line in Figure 1. Together

with Table 1, the figure indicates that for long term investment stocks and constant maturity

bonds are better investments than short-term T bills as stocks can provide very high mean

return with considerately decreased long-term variance, and constant maturity bonds can

provide a slightly higher mean return but involving a lower variance than short-term T bill.

We estimate 6 separate univariate regressions using the same regressors as in VAR. The

results of coefficients and the variances of the error terms are the same as in VAR except

that there are no covariances among the error terms as shown in Table 3, i.e. the off-diagonal

entries are 0s.

We also estimate 6 simple AR(1) models for the 6 variables individually, where each vari-

able is to be only explained by its own lagged value. The results are shown in Table 4. We

see that bond return, nominal interest rate and dividend yield can be very well described by

their own lagged values.

4.3 Simulation method

Given the assumption of multivariate normal distribution of the error terms with the zero

mean vector and the estimates of the covariance matrix, we are able to generate error terms

for the future 200 periods (50 years), so that we can calculate the forecasted asset returns in

the next quarter up till the next 50 years from the following:

zT+k = Â + B̂zT+k−1 + εT+k
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where zT is the last observation in our sample, k = 1 : 200, Â and B̂ are the constant and

coefficient estimates from the respective models.

Accordingly, with Equation (1) and (3) we can calculate the forecasted nominal and real

funding ratio (FT+k and RFT+k, k = 1 : 200) in the next quarter up till the next 50 years.

We repeat the above return generation and funding ratio calculation for 1000 times. For

each period k we are able to compute the probability of underfunding (i.e. at each point in

time T + k, underfunding probability=(number of times when FT+k or RFT+k is bigger than

1)/1000). Therefore we are able to draw a line to show the underfunding probability over

different time horizon .

Different return model prescribes a different pattern for underfunding probability. Figure

3 displays the nominal underfunding probability predicted by the three return models, while

Figure 5 displays the real underfunding probability predicted by the three return models.

5 Analysis of funding ratio and probability of underfunding

Given the estimates of the asset return models, we can predict how the assets and liabilities

of our pension fund evolve over time. Thereby we can predict the future funding ratio over

different time horizon and compute the related probability of underfunding. The following

three subsections analyze the results obtained in Section 4.3, namely a declining trend of

nominal underfunding probability over longer horizon, the impact on the underfunding prob-

ability of alternative return models, and the impact of parameter uncertainty. We hope to

give some insight on the development of the funding ratio of a given pension fund portfolio

under a passive investment policy.
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5.1 Feature of the long-term funding ratio

Firstly, figure 2 shows the mean and one standard deviation of the funding ratio over different

time horizon. We observe an increasing mean funding ratio over time irrespective of the return

models. Such trend can be explained by our modeling of the funding ratio, where the asset

portfolio consists of stocks and bonds and the liability portfolio is represented by only the

bonds. Assuming the initial nominal funding ratio is 1, Equation (1) and (2) indicates that

the state of overfunding or underfunding is just contingent on the returns earned by the asset

portfolio relative to that earned by the liability portfolio, and in the long run it is contingent

on the cumulative returns of the respective portfolios. Due to the distinctive risk-return

profile of stocks and bonds, stocks earn a higher return than bonds in general. Thus over

time mean funding ratio will increase.

Secondly, we compute the nominal underfunding probability from the simulation, and the

result in Figure 3 shows that it declines over time irrespective of the models we use for return

dynamics. Specifically, in 50 years time, VAR and AR (1) models have prescribed that the

underfunding probability will decrease from 45% to less than 3%, while the separate regres-

sion model predicts a underfunding probability to be around 20%.

As regards to the real funding ratio when pension funds try to fully index their liabilities

with inflation, Equation (3) and (4) shows that the evolvement of real funding ratio depends

on the portfolio return relative to the inflation-enhanced bond return. So only when portfolio

obtain a higher real return than nominal bond return, can the real funding ratio get higher.

Simulation results in Figure 4 shows mean funding ratio decreases in VAR and Sep model, but

increases in AR(1) model. Figure 5 show that in either short or long-run, probability of real

underfunding increases in all three models. This reflects the fact that a passive investment

portfolio of stocks and bonds can hardly meet the inflation-linked liabilities.
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5.2 Model impact on funding ratio

Different models employed to describe returns delineate different pictures for the funding ratio

and the underfunding probabilities.

Figure 3 shows that AR(1) model prescribes the fastest declining underfunding probabil-

ity. Figure 2 gives more detailed information for this. AR(1) model prescribed the highest

mean funding ratio, but also the highest variance. Simulation shows that its high mean

value dominates the volatility and thus cause the underfunding probability to decline fast.

Comparing VAR model and Sep model, even though VAR predicts a lower mean value of

funding ratio, yet the funding ratio variance is lower, which has maintained the funding ratio

above 1 continuously. Thus we see a lower underfunding probability than in Sep model. Such

difference suggests that the mean value captured by VAR has contributed tremendously to

improve the funding status.

In case of the real funding ratio in Figure 4, as in nominal case, AR(1) still predicts the

highest mean return. Yet the high variance induces an increasing underfunding probability

over time. In VAR and Sep models the simulation shows a declining mean funding ratio. This

indicates that in VAR and Sep model the returns earned by the asset portfolio cannot beat

the inflation-enhanced bond return earned by the liability portfolio. This is accompanied by

a fast increasing underfunding probability.

Combining the simulation results in both nominal and real funding ratio, we find that

VAR model predicts the lowest variance for both real and nominal funding ratio due to the

fact that it captures the mean reversion of stock returns. AR(1) model predicts the highest

mean real and nominal funding ratio due to the fact that it ignores the interrelation between

stocks and bonds. Such ignorance has allowed to generate high stock returns. All in all they

suggest a considerate influence from the choice of return model on the funding status over time.
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5.3 Sensitivity to parameter uncertainty

Any model is subject to the issue of sensitivity, so we also test how funding ratio is sensitive

to the change in parameter uncertainty. As VAR is the best among the three models in

describing asset returns and also popular among practitioners, we will focus the sensitivity

tests on VAR model.

We increase the estimate for constant parameter of stock equation (-0.024) upward by 10%,

only about 10% of its standard deviation (0.021). In Figure 6, the strategic mix under the new

estimate produces a much lower underfunding probability than the original level. Under the

new parameter for the constant in VAR, even the most risky allocation (100% stocks) for asset

portflio will predict a lower underfunding probability than the base case. This reflects that

funding status is very sensitive to the parameter uncertainty, and the tool of changing portfolio

choice to handle parameter uncertainty is not effective. In another direction, we decrease

the constant parameter of the stock equation in VAR, and Figure 7 shows a considerate

increase of underfunding probability under the new estimate. A substantial decrease of the

holding of stock to about 10% can help to maintain the original underfunding probability.

These two figures illustrate that the nominal underfunding probability is very sensitive to the

parameter uncertainty either in short or long term horizon. Adjustment of asset allocation is

a very limited remedy to maintain the nominal financial status when parameter uncertainty

is considered.

We do the same sensitivity test for the real funding ratio. Figure 8 and Figure 9 demon-

strate that when the constant of the stock equation is increased or decreased by 10%, the

60/40 portfolio produces also very different underfunding probability from the original level.

An respective decrease of 10% in Figure 8 and an increase of 10% in Figure 9 in the stock

allocations will recover the original probability of real underfunding in base case. It shows

that real underfunding probability is also very sensitive to the parameter uncertainty, but

by changing the allocation, such parameter uncertainty can be handled better than in the

nominal case.

The sensitivity test shows that underfunding probability, real and nominal, are very sen-

sitive to parameter uncertainty, and it confirms the findings in Hoevenaars, Molenaar, Schot-
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man & Steenkamp (2006). In addition, it also implies the effectiveness of manager’s ability

to handle the uncertainty. When a fund manager according to his personal experience thinks

stock return is overvalued, and in order to maintain a certain target of nominal underfunding

probability, he has to decrease stock allocation. Our simulation shows this is not effective,

because cutting down stock holding to as low as 10% will not help. While to maintain a

certain target of real underfunding probability, he can reach the goal by adopting a relatively

feasible measure such as increasing the stock allocation by 10%.

6 Conclusions

In this paper we study the development of the funding ratio over different time horizon by

considering the market valuation of both the assets and the liabilities of a pension fund.

We derive the funding ratios in nominal and real terms as a function of the initial funding

ratio and the asset returns. We use vector autoregression, separate univariate regressions

and AR(1) models, respectively, to describe the dynamics of asset returns and state variables.

From these models we simulate future returns and compute future funding ratio over different

time horizons. We analyze the evolvement of the funding ratio over different time horizons

and the impact of the return models on the underfunding probabilities. We also use simula-

tion methods to examine the impact of small changes in parameters.

When pension funds only care about the nominal obligations, their liabilities increase in

value approximately by the rate of bond returns while the assets increase by the rate of port-

folio returns. As a result over long term the funding ratio is bigger than the initial funding

ratio. Further consideration of the mean reversion of stock return captured by the VAR model

predicts that the probability of underfunding over the long term will be even lower. AR(1)

model, which does not consider the interrelation between asset returns, predicts the lowest

underfunding probability due to the high predicted mean funding ratio. The nominal funding

status is very sensitive to parameter uncertainty.
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When pension funds try to index the liabilities to inflation, real funding ratio deteriorates

and underfunding probability increases over time. This shows that a passive investment port-

folio won’t assure a pension fund to realize full inflation indexation. The impact from the

different return models still exists as in the real case. The real funding status is also very

sensitive to parameter uncertainty, but they can be remedied partially with asset allocation.

As a general conclusion, we can relieve the worry about pension fund’s ability to meet

the final objective of paying the promised nominal pension benefit given that they start with

a break-even situation and can manage the intertemporal cash inflows and outflows. Yet

for the ambition of the full inflation-indexed liabilities, pension funds need to do something

more than passive investment. In addition, it should be highly awared that the underfunding

probability is very sensitive to the model and parameter uncertainty.
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Table 1: Descriptive statistics sample
Descriptive statistics for the entire sample of 211 observations(1952Q2-2004Q4). All returns
are quarterly simple return. Variables are real return of 90-day Treasury bill, stock, 10 year
constant maturity US government bond, nominal rate of 90-day Treasury bill, dividend yield
and yield spread.

Real t bill Stock Bond Nominal t
bill

Dividend
yield

Yield
spread

Mean 0.0035 0.0305 0.0153 0.0129 0.0329 1.3037
Median 0.0034 0.0375 0.0109 0.0126 0.0324 1.2750
Maximum 0.0287 0.2447 0.1898 0.0385 0.0577 4.0630
Minimum -0.0156 -0.2454 -0.1132 0.0016 0.0112 -3.3800
Std. Dev. 0.007 0.083 0.039 0.007 0.011 1.255
Skewness 0.131 -0.519 0.685 1.033 -0.030 -0.235
Kurtosis 4.418 3.849 5.281 4.407 2.515 3.581

Table 2: Estimates for VAR
The table reports full sample OLS parameter estimates of VAR zt+1 = A+Bzt+εt+1,regressors
are lag value of real Treasury bill rate, stock return, bond yield, nominal Treasury bill
rate,dividend yield and yield spread. T ratios are in parentheses. The last column is the
R2 for the respective equations.

Constant Real t
bill

Stock Bond Nominal
t bill

Dividend
yield

Yield
spread

R
squared

Real
t bill

-0.001 0.391 -0.002 -0.012 0.254 -0.021 0.000 0.258
(-0.50) (5.55) (-0.42) (-0.98) (3.67) (-0.51) (1.30)

Stock
-0.024 0.277 0.011 0.266 -0.967 1.628 0.006 0.065
(-1.11) (0.30) (0.16) (1.62) (-1.06) (2.96) (1.20)

Bond
-0.007 0.309 -0.072 -0.107 1.304 -0.027 0.007 0.101
(-0.72) (0.72) (-2.21) (-1.41) (3.08) (-0.11) (3.05)

Nominal
t bill

0.002 0.007 0.001 -0.037 0.947 -0.006 -0.001 0.937
(4.41) (0.32) (0.58) (-9.88) (45.09) (-0.46) (-5.19)

Dividend
yield

0.001 -0.022 -0.001 -0.006 0.045 0.947 0.000 0.941
(2.07) (-0.72) (-0.26) (-1.16) (1.47) (51.85) (-1.34)

Yield
spread

0.307 0.948 -0.953 -0.629 5.217 -2.253 0.801 0.622
(1.49) (0.11) (-1.40) (-0.40) (0.59) (-0.43) (16.80)

Table 3: Variance and covariance matrix of residuals
The table reports covariance matrix for the residuals of VAR zt+1 = A+Bzt + εt+1. Diagonal
entries are variances; off-diagonal entries are covariance.

Equation for Variance and covariance (×10−4)
Real t bill 0.38 - - - - -

Stock 1.18 65.65 - - - -
Bond 0.89 5.95 14.1 - - -

Nominal t bill -0.007 0.007 0.05 0.03 - -
Dividend yield -0.04 -1.98 -0.2 0.002 0.07 -

Term spread 6.9 40.1 66.03 1.56 -1.6 6114
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Table 4: Estimates for simple AR (1) regression
This table reports the parameter estimates of zj,t+1 = aj + bjzj,t + εj,t+1. Each variable is
only regressed on its own lagged value. The third and fourth columns report the variance of
the residuals and the R2 of the corresponding equation. T ratios are in parentheses.

Equation for Coefficient of
lagged value

Variance of residual
(×10−4)

R squared

Real t-bill rate 0.450 0.393 0.204
(7.33)

Stock return 0.040 68.11 0.002
(0.58)

Bond -0.013 15.24 0.000
(-0.19)

Nominal t bill 0.938 0.064 0.880
(39.18)

Dividend yield 0.963 0.074 0.938
(56.59)

Yield spread 0.786 6020 0.617
(18.41)
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Figure 1: Annualized standard deviation
Annualized standard deviation over different time horizon for nominal stock return, nominal
return of 10Y constant maturity bond, real and nominal 90D T bill rate implied by quarterly
VAR estimates, 1952Q2-2004Q4.
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Figure 2: Distribution of simulated nominal funding ratio over time prescribed by different
return models
Solid lines represent the mean, and dotted lines represent one standard deviation below the
respective mean of the nominal funding ratio over time. Initial nominal funding ratio is 1 and
fund portfolio is fixed at 60% stocks and 40% bonds.
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Figure 3: Model impact on nominal underfunding probability
Each line represents probability of underfunding in nominal term over time when return
dynamics is described by the respective model, initial nominal funding ratio is 1 and fund
portfolio is 60% stocks and 40% bonds.
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Figure 4: Distribution of simulated real funding ratio over time prescribed by different return
models
Solid lines represent the mean, and dotted lines represent one standard deviation above the
respective mean of the real funding ratio over time. Initial real funding ratio is 1 and fund
portfolio is fixed at 60% stocks and 40% bonds.
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Figure 5: Model impact on real underfunding probability
Each line represents probability of underfunding in real term over time when return dynamics
is described by the respective model. Initial real funding ratio is 1 and fund portfolio is 60%
stocks and 40% bonds.
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Figure 6: Nominal funding ratio’s sensitivity to parameter uncertainty
Solid line is nominal underfunding probability by using original estimate in VAR of a 60/40
pension portfolio. Dot line represents nominal underfunding probability when constant pa-
rameter of stock equation in VAR increases by 10%. Marked line represents nominal un-
derfunding probability given by a portfolio composition which can attain the underfunding
probability closest to the original level.
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Figure 7: Nominal funding ratio’s sensitivity to parameter uncertainty
Solid line is nominal underfunding probability by using original estimate in VAR. Dot line
represents nominal underfunding probability when constant parameter of stock equation in
VAR decreases by 10%. Marked line represents nominal underfunding probability given by
a portfolio composition which can attain the underfunding probability closest to the original
level.
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Figure 8: Real funding ratio’s sensitivity to parameter uncertainty
Solid line is real underfunding probability by using original estimate in VAR. Dot line rep-
resents real underfunding probability when constant parameter of stock equation in VAR
increases by 10%.Marked line represents real underfunding probability given by a portfolio
composition which can attain the underfunding probability closest to the original level.
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Figure 9: Real funding ratio’s sensitivity to parameter uncertainty
Solid line is real underfunding probability by using original estimate in VAR. Dot line repre-
sents real underfunding probability of the original portfolio when constant parameter of stock
equation in VAR decreases by 10%. Marked line represents real underfunding probability
given by a portfolio composition which can attain the underfunding probability closest to the
original level.
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